Abstract. We study the heat content asymptotics on a compact manifold with boundary de ned by a time dependent family of operators of Laplace type.
Let M be a compact Riemannian manifold with smooth boundary @M. We denote the Riemannian measures on M and on @M by dx and dy. Let Here u m is the inward unit normal covariant derivative o f u and S is an auxiliary endomorphism of V . This formalism permits us to treat both Robin and Dirichlet boundary conditions. Let give the initial temperature distribution of the manifold and let u(x t) = u D 0 (x t) be the temperature distribution for t > 0 LetD,r, andB be the adjoint operators on the dual bundle V . Although the assumption that the underlying geometry is autonomous is natural in many situations, there are some physical situations in which the geometry is time dependent the Universe evolves with time for example. If C N is empty, then one can consider a time dependent boundary where the metric is autonomous. Since the underlying topology is not changed, this problem is equivalent t o o n e where the boundary is xed but the metric is varied.
We consider a time dependent family of operators of Laplace type:
t r G r ij (x)r i r j + F r i (x)r i + E r (x) :
(We expand relative to a frame for the tangent bundle which is orthogonal with respect to the original metric g 0 ). Let u = u D be the temperature distribution de ned by the equations:
(@ t + D t )u = 0 Bu = 0 and uj t=0 = :
Let and n be the associated heat content function and heat content asymptotics: ( D )(t) : = R M u(x t) (x t)dx P n 0 n ( D )t n=2 : We expand the speci c heat (
Consequently, w e assume that = (x) henceforth is autonomous. The following is the main theorem of this paper. It gives the new terms which appear in the asymptotic expansion when Laplacian is time dependent.
Theorem 3.
( Remark. In this paper, we deal with homogeneous boundary conditions and zero heat source. However, the methods developed in 5] can easily be adapted to study variable geometry with inhomogeneous boundary conditions and non-trivial heat source.
We devote the remainder of this paper to the proof of Theorem 3. We b e g i n with a technical Lemma involving products. We s a y that the structures split if M = M 1 M 2 where M 1 is closed, if = 1 2 , i f = 1 
There exist local invariants M n and @M n which are bilinear in the covariant derivatives of the functions and with coe cients which are invariant expressions in the covariant derivatives of the tensors L, S, R, , E, E, F, and G so that:
We assign weight 0 t o and w e assign weight 1 t o L and S w e assign weight 2 t o R, , and E w e a s s i g n w eight 2 k to G k w e assign weight 2 k + 1 t o F k we assign weight 2 k + 2 t o E k . We increase the weight b y 1 for every explicit covariant derivative. We established the following result in the autonomous case using dimensional analysis the same argument extends immediately to the time dependent case so we omit details.
Lemma 5. The local invariants M n are homogeneous of weight n and the local invariants @M n are homogeneous of weight n ; 1.
We use Lemma 5 to determine the general form of the invariants n for n 4.
Lemma 6. Let = (x). Then there exist universal constants so that Proof. We use Weyl's theorem 16] on the invariants of the orthogonal group to express these invariants in terms of contractions of indices. We i n tegrate by parts to exchange derivatives at the cost of introducing additional boundary terms to normalize the interior integrands so no covariant derivatives of are present. Similarly, w e i n tegrate by parts on the boundary to normalize the boundary integrands so no tangential covariant derivatives of are present. We write down a suitable spanning set and apply Lemma 5 to see that the n for n 4 h a ve the form given in Lemma 6 where the constants a-priori depend on the dimension of the manifold. Consequently the higher order Taylor coe cients E r , F r i , a n d G r ij do not play a role in the computation of n if n 4 and if r 2. We m a y therefore restrict to rst order deformations of the Laplacian henceforth and set
Step Step 3: Let s = s(t) : = e t ; 1 @ s = e ;t @ t and s (0) We equate coe cients of t in the asymptotic expansions P n t n n ( D ) ( D )(t) = ( D 0 )(s(t)) P n t n n ( D 0 )s(t) n and use Theorem 1 to derive the relationships: Step 1: We use gauge invariance to determine the coe cients d 2 , a n d d D Step 2: We take pure Neumann boundary conditions. Let Step 3: We take pure Dirichlet boundary conditions. LetLet = 1, let~ be identically 1 nearz = 0, let~ be identically 0 nearz = 1 , and let (z t) : = (z + tz 2 ). We impose Dirichlet boundary conditions they are preserved by this coordinate transformation. Since is zero away from the left hand edge of the interval, the principal of not feeling the boundary shows we can neglect the right hand edge. Thus u D (z t ) = u D (z t) + E(z t) where the error E vanishes to in nite order in t as t # 0. Consequently, w e h a ve: 
